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Abstract--This paper proposes a Multiobjective Linear Programming (MLP) model on injection 
oilfield recovery system. A modified interior-point algorithm to MLP  problems has been constructed 
by using concepts of Kamarkar's interior point algorithm and the Analytic Hierarchy Process (AHP). 
This algorithm is shown to likely be more efficient than other MLP's algorithms in the application of 
decision making on the petroleum industry through the demonstration of a numerical example. The 
MLP  model's optimal solution allows decision makers to optimally design the developing plan of the 
injection oilfield recovery system. © 1998 Elsevier Science Ltd. All rights reserved. 
Keywords--Multiobjective linear programming, Injection oilfield recovery system, Analytic hier- 
archy process on measure, Interior-point algorithm. 
1. INTRODUCTION 
The work of exploitation and development of the oilfield is a characteristic of much investment, 
full of hazards, complicated affecting factors, and long-term planning. So it is very important 
to set an optimal developing plan which is theoretically of the min imum production cost and 
investment, the max imum production of oil, the highest production speed, and the greatest 
recovery efficiency. In view of considering systematically the optimal injection program (the 
concerned information on the Chinese oilfields' development by injection water can be found in 
[1]), it is generally taken into account main goals such as the min imum investment and the lowest 
management cost when constructing the Linear Programming (LP) model. For example, Xiao 
and Liu [2] constructed an LP  model with the min imum investments as the objective function 
while the other goals are considered as constraint conditions. Lasdon et al. [3] constructed LP  
models when studying the best decision making method in Reservoir engineering. Li et al. [4] 
built two objective linear programming models for the min imum investment and management 
cost when studying oilfield's development plan. However, to simplify the solutions of the model 
under construction, Li et al. [4] combined the two objective functions into a single one by adding 
weighted coefficients to two objective functions. That is, Li et al. [4] used the LP's technique to 
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solve its two objective models. This approach may not reflect he reservoir's concrete developing 
laws. In a real injection oilfield recovery system, it is important for the decision makers to give 
the exploitable unit the "ideal quotas" so as to be satisfied with the exploitable unit by the 
exploring law. After the initial planning quotas are distributed to a petroleum reservoir district 
from the oil and gas company, the petroleum reservoir districts would assign their quota to each 
exploitable unit such as a production well or an oil field (maybe a few production wells). Usually, 
the assigned quota is from the expert's opinion, past experience, or evaluated value from their 
historical data. In this way, different decision makers with different experiences, intelligence 
structure, and view of all kinds of situation forces would give different assigned quotas. Thus, 
it is necessary to give mathematical theoretical guides for the decision makers to make decisions 
on the injection oilfield recovery system. These assigned quotas can be viewed as the trade-offs 
of oil production and the investment for each exploitable unit. In addition, Liu [5] presented 
the optimal controlling dynamic orbits from the wells' developing law, and obtained the results 
of the optimal assigned quotas on the optimal controlling dynamic orbits. Therefore, we should 
consider the correspondence of the assigned quotas with the well's developing law. 
This paper first constructs multiple-criteria linear programming models (MLP) on injection 
oilfield recovery system on the basis of [2]. Then, it presents a modified interior-points algorithm 
to MLP problems according to [6-12]. 
2. MODEL CONSTRUCTION 
First, we present he linear programming model [2]: 
max cT x ,  
subject o AX = b, (1) 
X >0, 
whereXER n, cER n, AER rnx'*, bER m. 
To apply LP (1), we may consider only a single goal--the minimum investment. This is far 
away from the actual application on the area of oil engineering. More realistically, our main 
goal is to get the most oil production with the least investment under the limitations of the 
natural resource, technique quipments, manpower, etc. Hence, the maximum oil production, 
max~.=la l jx j ,  which is the first constraint equality of model (1); the maximum produc- 
tion wells, max~.=l  a2jxj, the second constraint; and the minimum water contained in oil, 
min Y].~.ffil a3jxj should be taken into account as objective functions in addition to the mini- 
mum investment. By considering all targets to reach optimal values, we construct the following 
multiobjective linear programming (MLP) model as 
max CX,  
subject o AX = b, (2) 
X>O,  
where X E R n, C E R p×n, C = (cij)pxn, and A = (aij)mxn are matrices. 
Let S = {X E R n, AX = b}, then we have the following. 
REMARK I. 
(i) The model is set up on the condition that the oilfield has been exploited for k - 1 years. 
(ii) Assume that the oilfield has n recovery units. 
(iii) To decision variables X = (xl,x2,... ,xn) T, zj (1 < j < n) is the oil production of the 
jth unit in the k th year. 
(iv) Let H(Vl, Y2,..., I/n) be the unity function, where yj (1 _< j _< n) represents the quantities 
of an index in an exploitable unit, such as injection water, oil production, injection wells, 
and production wells. 
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Usually H(yl, Y2,..., yn) is taken in algebraic form as 
H(yl,yu,...,yn) = ~lyl + A2Y2 + "'" + AnYn, (3) 
where 
Especially, 
or 
or 
)~1+)~2+. . .+)~n=1 and A j>O( l _< j<_n) .  
H(yl, y2, . . . ,  yn) = (yl + y2 + ' . .  + Yn) (4) 
n 
H(yl,y2,...,yn) = 2(yl + 2y2 +. . .  + nyn) 
[n(n + 1)] (5) 
H(yl,  Y2,. . . ,  Yn) : [(Yl -b 3y2 +. . .  -b (2n - 1)yn]n 2. (6) 
The objective matrix C = (c~j)pxn, c~j (1 < i < p, 1 _< j < n) should be represented by 
the ith item output or k th year 
c~j = oil production of the jth unit for the k th year" 
However, the numerator and denominator are unknown at the beginning of the k th year when 
making the initial development plan for the k th year. So, cij (1 ~_ i ~ p, 1 <: j <_ n) is generally 
valued by 
Hi(*) 
= HA. ) '  (7) 
where H~(*) or Hp(.) means that the variables of the unity function H(Xl,X2,... ,xn), taking 
the formula (3)-(6), are replaced by the quantities of the ith index or the oil production from the 
past k - 1 years in the jth unit. 
The constraint matrix A = (aij)mxn, aij (1 < i < m, 1 _< j < n) is valued approximately as 
analogous method as Cpxn, 
g,(.) (8) 
= HA. ) '  
where Hi(*) means that the variables of the unity function H(xl,x2,... ,x,) are replaced by 
the ith state (control) quantities from the past n years in the jth unit; so to Hp(.) the oil 
production. 
REMARK 2. The constraint level (i.e., right-hand side constants) b = (bl, b2,..., bin) T may be 
interpreted as the resource level or the optimal state (control) quantities [13]. 
3. MODEL'S SOLUTION 
Common ways of solving MLP [7,9,10,12] may not directly be applied to solve model (2). The 
reason is the petroleum industry model is a characteristic of a large scale such as big decision 
making variables and constraint level. For example, the dynamic haracteristics optimization of 
injection oilfield recovery system normally involves 36 constraints and more than 100 decision 
making variables. On the basis of Arbel's technique [6], Kamarkar's interior algorithm [8], and 
measure Analytic Hierarchy Process (AHP) [11], this paper presents a modified algorithm to 
MLP problems. 
Assume that MLP model (2) with a starting feasible and interior solution where vector X ° 
such that AX ° > 0. The modified algorithm proceeds as follows. 
STEP 0. Solve a set of P singie-objective linear programming iven by max{ATCX/X E S} 
for P weighting vectors A = ()~1,)~2,..., ~p) satisfying )~1 + )~2 +""  + £p = 1, hi )_ 0 (1 < i < p). 
The solution vectors {X~nd} represent the initial set of efficient anchor points. 
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STEP 1. Set the iteration counter k, at k = 0. Initialize the solution through X(k)  = X °. 
STEP 2. Increment the iteration counter k = k + 1, define the scaling matrix D as 
D = diag(xl(k), x2 (k),. . . ,  xn (k)) 
and solve for the m-dimensional vector Yi(k) from the matrix equations 
(AD2A T) Y'(k) = AD2C T, (1 < i < p), 
where Ci is the ith row of the objective matrix Cpxn. The ith step direction vector dXi(k) is 
given by 
dXi(k) = 0 2 (C T - ATYi(k))  , (1 _< i _< p). 
STEP 3. Find the set of P new iteration {Xi(k ÷ 1)} through 
Xi(k  + 1) = X(k)  +pai  dXi(k), (1 _< i _< p), 
where 0 < p < 1 is the step size factor and a~ = min( -x j (k ) /dX j (k) ,  for any dXj(k) < 0), where 
dXj(k) is the jth component of the vector dX~(k). 
STEP 4. Find the new boundary points step along the ith direction dX~(k) through 
X~e w = X(k) -t- ai dX~(k), (1 _< i < p). 
Evaluate the value vectors {V i) through 
y '  = cx' .ew, (1 < i < p), (9) 
Veind = CX~end, (1 _< i < p). (10) 
STEP 5. Use the measure of AHP [11] to evaluate the weighting vectors (A1, A2,..., A2n) on 
the objective value (given by the formula (9) and (10)). Construct he combined step direction 
vector dX given by 
p 2p 
= +  ,dX' nd, (11) 
i=1 i=p+l 
v~here ~ll + ,12 +. . .  + A2p = 1, (,/i > 0) and dX~n d = X~n d - X(k).  
STEP 6. Find the next iteration through the updating equation given by 
X(k  ÷ 1) = X(k) + pdx(k), 
where 0 < p < 1 is the same step size factor used earlier. Find the new boundary point Xnew 
along the direction dX(k) by taking a full step. 
X,  ew = X(k)  + dX(k), (p = 1). 
Evaluate the boundary value vector Vnew by Vnew = CXnew. If Vnew satisfied, go to Step 7; 
otherwise, Vnew is preferred to at least one (say i) of {V~nd, Ve2nd,..., V~nd} , remove the least 
preferred anchor point from the current list and replace it with )(new. The set of anchor points 
{X~nd} includes now the new boundary point. Evaluate dXnew = Xne,v - X (k  + 1), and let 
dX~n d -- dXend. GO to Step 2. 
STEP 7. Print the optimal solution X,ew, and stop. 
REMARK 3. Step 2 determines the individual step direction for each objective function. And 
Step 3 gets the new iteration X~(k ÷ 1) (1 _< i < p) along each step direction. 
REMARK 4. For getting the combined step direction dX through i l l),  we should apply the AHP 
on measure [11] to evaluate the weighting vectors A = (A1, ,12,..., ~/2n) T on the value vectors V 
(the formula (9) and (10)). Because the weighting vectors A from AHP [14,15] is not the real value 
(measure) of the index (here for (dX1, . . . ,  dX n, dX~nd,... , dX~nd}), we have recently derived a 
methodology which can assess not only the contributing rate (weight) for each index to criterion, 
but also their relative preference from AHP [11]. 
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4. A NUMERICAL  EXAMPLE 
In this section, we will use a reservoir's data set of China's oilfield from 1981-1992 to demon- 
strate how the MLP model is constructed, how the modified algorithm works, and how the oil 
indexes are assigned optimally to each exploitable unit. There are more than thirty exploitable 
units for this reservoir. Here we have chosen two exploitable units, named Unit 1 and Unit 2. 
The concerned ata are as follows. 
Table 1. Data logging of Unit 1. 
Year 
1981 
1982 
1983 
1984 
1985 
1986 
1987 
1988 
1989 
1990 
1991 
1992 
Production/Oil  Injection/Water Production/Well Injection/Well Investment 
55.1 254.93 247 69 5630.0 
55.6 255.31 266 6380.0 
55.27 
56.04 
63.31 
74.36 
73.64 
80.04 
73.33 
66.2 
64.21 
57.99 
296.1 
299.46 
295.22 
313.1 
314.37 
340.5 
320.6 
313.13 
334.4 
366.99 
285 
295 
305 
306 
331 
349 
368 
382 
296 
408 
72 
69 
69 
71 
69 
71 
69 
85 
98 
128 
130 
8300.0 
11900.0 
16470.0 
2159.0 
18180.0 
16100.0 
1295.0 
8160.0 
7690.0 
12090.0 
Year 
1981 
1982 
1983 
1984 
1985 
1986 
1987 
1988 
1989 
1990 
1991 
1992 
Product~n/Oil 
60.82 
57.62 
59.0 
58.32 
58.37 
51.83 
52.61 
54.44 
52.99 
Table 2. Data logging of Unit 2. 
Injection/Water Production/Well Injection/Well Investment 
299.0 297 123 5270.0 
317.39 293 127 3530.0 
348.38 302 125 9560.0 
361.82 293 127 12120.0 
377.41 292 127 7590.0 
381.96 296 124 3850.0 
311 120 5970.0 426.08 
437.32 
452.19 
324 127 7710.0 
315 126 6280.0 
51.39 492.44 318 129 3050.0 
51.68 494.55 337 134 4386.0 
57.68 587.19 357 147 6000.0 
Note: 1. The units of the oil production and injection water are million ton, that of 
investment is million Chinese Yuan (RMB). 
2. With restriction of the Chinese national security laws, the national data of 
the above tables has been processed. 
From Tables 1 and 2 and form (5), we get the following. Now we construct MLP  model as 
follows. 
1~ble 3. The value of H(*) for every exploitable unit. 
Unit 1 
Unit 2 
Production Injection Production Injection Investment 
Oil Water Well Well 
66.653 323.461 357.795 90.128 9809.987 
54.412 455.982 320.154 130.218 6067.641 
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4.1 .  Dec is ion  Mak ing  Var iab les  
Assume that x, and x2 will be the oil production (the unit: million ton) of Unit 1 and Unit 2, 
respectively. 
4.2. Mul t ip le  Cr i ter ia  
We consider two criteria: the maximum oil production and the minimum investment for each 
exploitable unit in a year by 
max(x1 + x2), 
min(clxl + c2x2), 
where cl and c2, can be valued by form (7) from Table 3 as 
9809.987 6067.641 
cl = - -  = 147.18, c2 -- - -  = 111.51. 
66.653 54.412 
4.3. Const ra in t  Level 
Based on this reservoir's history data in Tables 1-3, we take three constraints: injection water, 
production well, and injection well in algebra form 
AX < b, 
where A = (aij)2×2, X = (xl,x2) T, b = (bl,b2) T, (a,j)2x2 can be valued from form (8) and 
Table 3: 
r4.85 8.38 1 ! 
A = (a, )2x2 =/537 5ss | .  
L1.35 2.39J 
b represents the resource availability level, or the optimal state (control) quantities (it can 
be valued from Table 3 and [5,9,10], or from experts opinions and decision makers), b = 
(779, 677, 220). 
Therefore, we have the following MLP model: 
max Xl -)- z2, 
min 147.18xi + 111.51x2, 
subject o 4.85xi + 8.38x2 ~_ 779, 
5.37xi + 5.88x2 >_ 677, (12) 
1.35xt + 2.39x2 _< 220, 
xl_>0, x2_>0. 
The problem in standard form can be given by 
max 600Zl + 600X2, 
- -  147.18xi -- 111.51x2, 
s.t. 1.35xi + 2.39x2 -I- x5 = 220, 
5.37xi + 5.88x2 -- x4 = 677, (13) 
4.85Xl + 8.38X2 -)- X3 = 779, 
Xl,X2, X3, x4, X5 __~ 0. 
NOTE. 
1. The first objective function is multiplied by a factor 600, where 600 is the price of crude 
oil that means that one ton of the crude oil is valued 600 Chinese Yuan (RMB). 
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. xs, x4,z5 are added slack and surplus variables. For only two objective functions, we 
directly use utility function as generating the coefficients of the convex combinations 
rather than using the measure AHP. Assume that the utility function is given by u(V)  = 
u(v l ,v2)  = Vl/V2, where vl and v2 are the first and second objective values, respectively. 
The initial interior feasible solution point is taken as 
X ° = (126.0, 5.0, 37.95, 29.02, 126.0) T. 
By constructing two weighted objective functions for the two single-objectives, we arrive at 
two weighted objective functions given by 0.9 (Cl, X} + 0.1 (c2, X / and 0.1 (cl, X) + 0.9 (c2, X/. 
Solving the resulting single-objective linear programming problem, the first two anchor points 
are given by 
1 Xe~nd = (160.62, 0.0, 0.0, 0.0, 0.0) T, 
2 Z~n d = (65.39, 55.12, 0.0, 0.0, 0.0) T. 
Then, we use a C-program on a COMPAQ 486 computer to implement the algorithm in Sec- 
tion 3 and solve model (13). The brief iteration processing, see Table 4, and the concrete iteration 
processing isgiven in Table 5 in the Appendix. The last optimal solution is X = (95.591, 37.635) T
and u(v) = 4.376. Note that the optimal solution is on the face of the polytope and not at a 
vertex. 
Itera 
1 
2 
5 
10 
20 
30 
40 
50 
57 
58 
Table 4. Solution results (p = 0.50). 
Current Iterate z First Anchor Point Second Anchor Point 
Xl  22  ~ X l  X2 I/, X l  X2 I1, 
124.948 10.991 4.158 123.896 16.983 4.077 65.386 55.117 4.585 
118.657 17.236 4.206 112.365 23.481 4.199 65.38 55.117 4.585 
104.308 29.017 4.304 101.072 31.718 4.314 5.386 55.117 4.585 
98.602 34.566 4.350 98.054 35.172 4.352 65.386 55.117 4.585 
96.181 37.124 4.372 96.065 37.230 4.372 65.386 55.117 4.585 
95.680 37.559 4.376 95.662 37.574 4.376 65.386 55.117 4.585 
95.606 37.622 4.376 95.603 37.624 4.376 65,386 55.117 4.585 
95.594 37.633 4.376 95.593 37.633 4.376 65.386 55.117 4.585 
95.592 37.635 4.376 95.591 37.635 4.376 65.386 55.117 4.585 
95.591 37.635 4.376 95.591 37.635 4.376 65.386 55.117 4.585 
5. CONCLUSIONS 
This paper has constructed a multiobjective linear programming model on an injection reservoir 
recovery system. In order to solve the model, we have used the modifed algorithm in the basis of 
[6,7,11]. We have employed an oilfield data set to demonstrate how to obtain the optimal solution. 
For this example, the optimal solution is X = (95.591, 37.635) T, which serves as the initial (1993) 
optimal assigned quotas to the oilfield's two exploitable Units I and 2 (suppose that we started at 
the end of the year 1992). Comparing with the Y -- (90.297, 42.368) v obtained from the optimal 
dynamic state orbits (how to get it, see [5,13]), we may find that the optimal solution X is very 
approximate to the optimal state value Y. So applying the MLP  model can optimally arrive 
at the reservoir's programming development and assigning the initial quotas. However, there 
is only one optimal point. When the future environment changes, the programming optimal 
plan may not be "the optimal". Therefore, the continuous research should be how to yield the 
optimal contingency plans which have different optimal alternative plans under different future 
environment forces [16]. 
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APPENDIX  
Table 5. Iteration processing (p --- 0.50). 
Current Iterate z First Anchor Point Second Anchor Point 
Itera 
Xl X2 U ~1 X2 U Xl X2 U 
1 124.948 10.991 4.158 123.896 16.983 4.077 65.386 55.117 4.585 
2 118.657 17.236 4.206 112.365 23.481 4.199 65.386 55.117 4,585 
3 112.334 22.449 4.248 106.012 27.662 4.255 65.386 55.117 4.585 
4 107.544 26.315 4.281 102.753 30.181 4.292 65.386 55.117 4.585 
5 104.308 29.017 4.304 101.072 31.718 4.314 65.386 55.117 4.585 
6 102.203 30.888 4,320 100.098 32.759 4.327 65.386 55.117 4.585 
7 100.815 32,217 4.331 99.427 33.546 4.336 65.386 55.117 4.585 
8 99.855 33.200 4.339 98.896 34.184 4.342 65,386 55.117 4.585 
9 99.150 33.960 4.345 98.445 34.719 4.347 65,386 55.117 4.585 
10 98.602 34.566 4.350 98.054 35..172 4.352 65.386 55.117 4,585 
11 98.158 35.062 4.365 97.713 35.557 4.355 65.386 55,117 4,585 
12 97.787 35.473 4.358 97.416 35.885 4.358 65.386 55.117 4.585 
13 97.472 35.818 4.361 97.157 36.164 4.361 65.386 55.117 4.585 
14 97,201 36.109 4.363 96.931 36.400 4.363 65.386 55.117 4.585 
15 96.967 36.356 4.365 96,733 36.602 4.365 65.386 55.117 4.585 
16 96,763 36.564 4.367 96.559 36.773 4.367 65.386 55.117 4.585 
17 96,586 36.741 4.368 96.408 36.918 4.369 65.386 55.117 4.585 
18 96.431 36.891 4.370 96.276 37.041 4.370 65.386 55.117 4,585 
19 96.296 37.017 4.371 96.162 37.144 4.371 65.386 55.117 4.585 
20 96.181 37.124 4.372 96.065 37.230 4.372 65.386 55.117 4.585 
21 96.081 37.213 4.372 95.982 37.302 4.373 65.386 55.117 4.585 
22 95,997 37.287 4.373 95.913 37.361 4.373 65.386 55.117 4.585 
23 95.927 37.348 4.374 95.856 37.409 4.374 65.386 55.117 4.585 
24 95.869 37.399 4.374 95.809 37.449 4.374 65.386 55.117 4.585 
25 95.819 37.440 4,375 95.771 37.481 4,375 65.386 55.117 4.585 
26 95.779 37.474 4.375 95.740 37.508 4.375 65.386 55.117 4.585 
27 95.747 37.502 4,375 95.714 37.530 4.375 65.386 55.117 4,585 
28 95.720 37.525 4.375 95.693 37.547 4.375 65.386 55,117 4.585 
29 95.698 37.543 4,375 95.676 37.562 4.375 65.386 55.117 4.585 
30 95.680 37.559 4.376 95.662 37.574 4.376 65.386 55.117 4.585 
31 95.665 37.571 4.376 95.650 37.584 4.376 65.386 55.117 4.585 
32 95.653 37.582 4.376 95.641 37.592 4.376 65.386 55.117 4.585 
33 95.643 37.590 4.376 95.633 37.599 4.376 65.386 55.117 4.585 
34 95.634 37.598 4.376 95.626 37.605 4.375 65.386 55,117 4.585 
35 95.627 37.604 4,376 95.620 37.610 4.376 65.386 55.117 4.585 
36 95.621 37.609 4.376 95.616 37,614 4.376 65.386 55.117 4.585 
37 95.617 37.613 4.376 95.612 37.617 4.376 65.386 55.117 4.585 
38 95.612 37.616 4.376 95.608 37.620 4.376 65.386 55.117 4,585 
39 95.609 37,619 4.376 95.606 37.622 4.376 65.386 55.117 4.585 
40 95.606 37.622 4,376 96.603 37.624 4.376 65.386 55.117 4,585 
41 95.604 37.614 4.376 95.601 37.626 4.376 65.386 55,117 4.585 
42 95.602 37,626 4.376 95.600 37.628 4.376 65.386 55.117 4.585 
43 95.600 37.627 4.376 95.598 37.629 4.376 65.386 55.117 4.585 
44 95.599 37.629 4.376 95.597 37.620 4.376 65.386 55.117 4.585 
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Current Iterate z First Anchor Point Second Anchor Point 
Iters 
Zl z2 u Zl z2 u Zl z2 u 
45 95.597 37.630 4 .376  95 .596 37.631 4.376 65.386 55.117 4.585 
48 95.596 37.631 4.376 95 .595 37.631 4.376 65.386 55.117 4.58,5 
47 95.595 37.631 4 .376  95.595 37.632 4.376 65.386 55.117 4.585 
48 95.595 37.632 4.376 95 .594 37.633 4.376 65.386 55.117 4.585 
49 95.594 37.633 4.376 95 .593 37.633 4.376 65.386 55.117 4.585 
50 95.594 37.633 4.376 95.593 37.633 4.376 65.388 55.117 4.585 
51 95.593 37.633 4.376 95 .593 37.634 4.376 65.388 55.117 4.585 
52 95.593 37.634 4 .376  95 .592 37.634 4.376 65.386 55.117 4.585 
53 95.592 37.634 4 .375  95 .592 37.634 4.376 65.386 55.117 4.585 
54 95.592 37.634 4.376 95.592 37.634 4.376 65.386 55.117 4.585 
55 95.592 37.634 4.376 95 .592 37.635 4.376 65.386 55.117 4.585 
56 95.592 37.635 4 .376  95 .592 37.635 4.376 65.386 55.117 4.585 
57 95.592 37.635 4.376 95.591 37.635 4.376 65.386 55.117 4.585 
58 95.591 37.635 4 .376  95.591 37.635 4.376 65.386 55.117 4.585 
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